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DUALITY GAP IN CONVEX PROGRAMMING

T. CHAMPION

ABsTrAaCT. In this paper, we consider general convex programming problems and give a
sufficient condition for the equality of the infimum of the original problem and the supremum
of its ordinary dual. This condition may be seen as a continuity assumption on the constraint
sets (i.e. on the sublevel sets of the constraint function) under linear perturbation. It allows
us to generalize as well as treat previous results in a unified framework. Our main result
is in fact based on a quite general constraint qualification result for quasiconvex programs
involving a convex objective function proven in the setting of a real normed vector space.
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1. INTRODUCTION

Let (Py) be the following ordinary convex program

(Po) Inf{f(z) : fi(x) <0,..., fi(x) <0}

where the fonctions f, f; : RN — R U {400} are proper, convex and lower semi-continuous. In
the sequel, we shall assume that Inf(Py) < +o00, which means that the constraint set intersects
the domain of f. It is classical to associate with problem (FP) the following dual convex problem

k
(D) Sup {inf{f(z:)—}—Z)\q;f,;(x) sz €RNY N >0, M\ ZO}.

Then it can be checked that Inf(Py) > Sup(D), and when Inf(P;) € R the difference ¢ :=
Inf(Py) —Sup(D) between these two optimal values is non-negative. Notice that if Inf(Py) = —oo,
one obviously has Sup(D) = —oo so that we may set § := 0 as well. When the difference ¢ is
positive, it is said that there is a duality gap between (Pp) and (D). It is well known that the
existence of a duality gap is closely related to the study of the approximated problems (P.) given
by

(Px) Inf{f(z) : fi(z) <e,.... fr(zx) <e}
where ¢ is a positive parameter. Indeed, if we denote v : [0, +00[— R the value function which
associates to any ¢ > 0 the value v(t) := Inf(P;), then v is convex, non-increasing on [0, +00]

and duality theory yields 1%m>ov(5) = Sup(D). As a consequence, the existence of a duality
e—U,e

gap between (Py) and (D) is equivalent to the fact that v is not continuous at 0. We refer to
[2], [3] and [8] for more details on duality theory and the link with the continuity of v.

The question of finding conditions on the functions f, f; which ensure that there is no duality
gap (i.e. 0 = 0) is not only important for the theoretical understanding of the duality gap
phenomenum but also for numerical purposes. Indeed, in numerical lagrangian methods for
finding the infimum of (F), it is important that there is no duality gap since these methods
compute the supremum of (D). In this paper, we shall focus our attention on the duality gap
issue without adressing the existence of Lagrange multipliers. We give a new condition, which
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we denote property D, which ensures that there is no duality gap between (Fp) and (D). In
fact, property D may in some sense be considered as a characterization of the absence of duality
gap: indeed theorem 2.6.1 yields that there is no duality gap whenever this property is satisfied
together with a mild assumption on the objective function f, while theorem 2.6.ii implies that
there exists smooth objective functions f for which there is a positive duality gap when property
D is not satisfied. This condition is quite general since the semi-continuity result for the value
function v that we prove is in fact obtained in the setting of quasiconvex constraint functions f;
defined on a real normed vector space which may be infinite dimensional (see theorem 2.6). In
the setting of convex programming in finite dimensions, this result improves previous works by
Auslender [1], Kummer [4], Li [5] and Rockafellar [7]. Our result also allows to recover that the
usual Slater constraint qualification as well as the compactness hypothesis on the constraint set
are sufficient conditions for there is no duality gap. These issues are discussed more precisely
after theorem 4.1 in §4.

The paper is organized as follows: we define property D in §2 in the general setting of
quasiconvex functions over a normed vector space, and we provide some examples and prove
the main stability result (theorem 2.6). Section 3 is devoted to the convex setting and finite
dimensional setting, in which we can prove finer existence results for functions satisfying property
D. Finally the main result on the duality gap phenomenum in convex programming (theorem
4.1) is given and discussed in §4, where the results of the two first sections are commented.

2. THE PROPERTY D IN QUASICONVEX PROGRAMMING

In the following, £ denotes a real normed vector space. We recall that a function h : £ —
R U {400} is quasiconvex if its sublevels {h < t} are convex for any ¢t € R. We denote by A the
closure of a subset A of E.

Definition 2.1. Let h : E — RU{+4o00} be a lower semi-continuous proper quasiconvex function.
Let t belong to h(E) \ {+o00}, then h satisfies property D(t) whenever

D(t) ({h<s}+F = {h<t}+F

s>t

for any closed subspace F of E.
In fact, it is easy to check that h satisfies condition D(t) whenever

VF closed subspace of E ﬂ {h<s}+F C {h<t}+F.

s>t

For example, any lLs.c. quasiconvex function h : R — R U {400} satisfies property D(t) for
all t € h(R) \ {+o0}: indeed, the only test subspaces to be considered are {0} and R. Other
simple examples are the distance functions and indicator functions of closed convex subsets of
E, as well as continuous affine forms over E:

Lemma 2.2. Let C C E be nonempty, closed and convezx, then the convex functions x — do(x)
and x — d(x,C) satisfy property D(t) for any non-negative t.

Proof. We recall that the indicator function z — d¢o(x) is given by dc(z) = 0 for z in C and
dc(x) = +oo otherwise. Then since it only takes the two values 0 and +o0, one has
VtE[O,-‘rOO[ {(50§t}+F={§C§0}+F

for any closed subspace F' of E.
On the other hand, let F' be a closed subspace of E, let ¢t belong to [0, 4+00] and assume that
x belongs to (1,5, {d(.,C) < s} + F. Then there exist two sequences (x,), and (£,), such that
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d(z,,C) <t+ L and ¢, € F for any n as well as z,, + &, — x. Now for any n € N there exists

n

Yy such that d(y,,C) <t as well as |z, —yn| < 2. Since ||(z, + &) — (Yn + &)|| — 0, we infer
Yn + & — x and thus x belongs to {d(.,C) <t} + F. O

Lemma 2.3. Let h: E — R be a non-constant continuous affine form, then h satisfies D(t) for
any t in R.

Proof. Let F be a closed subspace of E. Then either F' is included in the kernel of the linear
part of h, in which case {h <t} + F = {h <t} for any t € R, or F is not included in that kernel
in which case {h <t} + F = E for any t € R. In both cases property D(t) is easily checked. O

Among those functions h that also satisfy property D(t) for any ¢t € h(FE) \ {+o0}, one may
think to weakly coercive functions, as the following lemma shows.

Lemma 2.4. Let h: E — RU {400} be a l.s.c. proper quasiconvex function such that {h <t}
is weakly sequentially compact for any t € R. Then h satisfies D(t) for any t in h(FE) \ {+o0}.

Proof. Let tin h(E)\{+4oc} and F be a closed subspace of E. Let x belong to (., {h < s} + F,
then there exist two sequences (z,,), and (&), such that: z, + &, — z, z, € {h <t + %} and
&, € F for any n € N. We can extract from (z,), a converging subsequence (x.,, ); which weakly
converges to some z € {h < t}, and then (&,, ), weakly converges to x — z € F, thus = belongs
to{h <t} +F. O

If E is finite dimensional, then lemma 2.3 yields that any affine function h satisfies D(t) for
any t in h(RY), and more generally we shall see in §3 that this also holds true for any analytic
convex function h : RV — R. Let us give an example of a continuous convex function which
does not satisfy this property. We define the convex continuous function g on R? by

g(z,y) = Vai+yr-uw (2.1)
The function g is that given in Duffin’s example of a duality gap (see [2]). Then 0 € g(R?) but
g does not satisfy D(0). Indeed, take FF = R x {0}, then one has

N{g<s}+F =R # Rx{0} = {g<0}+F.
s>0
We notice on the above example that the functions (z,y) — /22 + y? and (z,y) — —z satisfy
D(0) (the first is the distance to {(0,0)}, the second is affine) whereas their sum does not.
Property D may be seen as a stability condition for the sublevel sets of h under linear pertur-
bation. The following result gives another caracterization which will reveal more easy to handle
in the proof of theorem 2.6.

Proposition 2.5. Let h : E — R U {400} be an lLs.c. quasiconvex function, and let t €
h(E)\ {+o0}. The following are equivalent
(1) h satisfies D(t);
(2) for any closed convexr set C C E such that {h < s} NC # 0 for any s > t, the distance
d({h < t},C) is equal to 0.
In the above statement, the gap d(A, B) between two subsets A and B of E is defined by
d(A, B) :=inf{d(z,B) : x € A}.

Proof. We first prove (1) = (2) by contradiction. Assume that C' C F is convex, {h < s}NC # ()
for any s > t and d({h < t},C) > 0. Then the Hahn-Banach theorem yields the existence of a
continuous linear form [ such that

sup{l(z) :z € C} < inf{l(z):ze{h<t}}. (2.2)
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If we denote by H the kernel of [, this yields

C+H n {h<t}+H = 0. (2.3)
On the other hand, one has

C+H n {h<sy+H # 0 (2.4)

for any s > ¢. Moreover, let us note that

Vee B VACE l(x)el(A) = x+HCA+H. (2.5)

Indeed, take y € E such that [(y) = 1 and let (), be a sequence in [(A) such that «,, — I(x).
Since for any « € R one has ay + H = {l = a}, we infer that «,y belongs to A+ H for any n
so that [(x)y belongs to A+ H and thus x + H = l(z)y + H is included in A + H.

Let T € E be such that {(Z) = sup {{(z) : z € C}. We notice that T+ H = {l = [(Z)} and we
get from (2.5) that T 4+ H is included in C'+ H. Let s > ¢, then the set {h < s} + H is convex
and contains {h <t} + H, so we infer from (2.2) and (2.4) that {(Z) belongs to [({h < s} + H).
As a consequence of (2.5), T + H is included in {h < s} + H for any s > t, so that

T+ H) C <C+H N ﬂ{hgs}JrH).

s>t

This together with (2.3) obviously contradicts that h satisfies D(t).
We now turn to (2) = (1). Assume that F' is a closed subspace of E such that

ze (V{h<s}+F \ {h<t}+F (2.6)

s>t

for some x. Then there exists » > 0 such that B(z,r) + F N {h <t} + F is empty, so that
d(C,{h <t}) > § > 0 where C := B(z, §) + F. But (2.6) yields that C'n {h < s} # ) for any
s > t, which contradicts (2). O

The following result links property D and the existence of a duality gap in mathematical
programming.

Theorem 2.6. Let h : E — R U {400} be an Ls.c. quasiconvex function and let t belong to
h(E)\ {+oo}. If f: E — RU {400} is a convex function, we set

Vs>t v(s) == inf{f(z) : h(z) < s}.
Then one either has
i. h satisfies condition D(t), in which case litm>tv(s) = v(t) for any L.s.c. convex function

f: E— RU{+o00} such that f is finite and continuous at at least one point of {h < t}.
il. h does not satisfy condition D(t), in which case there exists a continuous linear form
f: E— R for which litm>tv(s) < wv(t).
s—1,8

Proof. i. Assume first that h satisfies D(t), and let f : E — RU{+o0} be a l.s.c. convex function
which is continuous at some point Z € {z : h(z) < t}. We aim to show that the value function
v(.) is L.s.c. at t. We may assume without loss of generality that v(t) > —oco. We proceed by
contradiction: suppose that

Slgrgr;ftv(s) < a < ) (2.7
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for some o € R. Then if we set § := (v(t) — «)/3, hypothesis (2.7) yields that {f < a+d}N{h <
s} # 0 for any s > t. Then applying proposition 2.5 yields

d{f <a+d},{h <t})=0.

As a consequence, there exist two sequences (z,, ), and (yy, ), such that z, —y, — 0and h(z,) <t
and f(yn) < a+ 6 for any n € N. Since f is continuous at Z, there exists r > 0 such that f is
bounded by some number M over the ball B(Z,2r). For any n € N, we set

low =gl o v
ow =yl 7" " Ton = gall +7

n (2.8)

Zn
and we notice that z, also satisfies

Hxnfynn (~ r ) r
Zn = T+ Ty — Y + —Yn. 2.9
" w7 O ol O ) T e 29

Since Z and z,, belong to {h < t}, we deduce from (2.8) and the quasiconvexity of h that
h(zp) <t for any n € N. We then deduce from (2.9) and the convexity of f that

, , 2 — ynll r
limsup f(z,) < hmsup< M+ a+d)] = a+é
n—-+oo (n) n—+too \ [|Tn = Ynll + 7 lzn —ynll +7 ( )
so that v(tf) < o+ 6 < Za + $v(t), which is a contradiction.
it. Assume now that h does not satisfy D(¢). This means that there exist a closed subspace
F of E and a vector z such that

ze(N{h<s}+F\{h <t} +F.

s>t

Then the Hahn-Banach theorem yields the existence of a continuous linear form f : E — R such
that

flz) < a = inf{f(x):mem}.

Asg a consequence, F' is included in the kernel of f, so that
v(s) = inf{f(z) : ze{h<s}}= inf{f(x) cxe{h< 5}—|—F} < f(2)

for any s > t. Therefore limsup v(s) < f(z) < o = v(t), which concludes the proof. O
s—t,s>t

We notice that the hypothesis f is continuous atl at least one point of {h < 0} in theorem 2.6.1
can’t be weakened in general. Indeed, define the convex functions A, f : R — R by h(z) = z,
and f(z) = +oo for x < 0, f(0) =1 and f(z) = 0 for > 0. Then h obviously satisfies D(0)
but SJ%)HSI>OU(S) =0<1=v(0).

3. THE PROPERTY D IN THE CONVEX CASE

As the following proposition shows, for a convex function h the property D(¢) only really
makes sense for the special case t = min(h).

Proposition 3.1. Let h : E — RU {400} be a closed proper convex function. Then for any t
in Jinf(h), +o0[, h satisfies condition D(t).
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Proof. Let t belong to ]inf(h), +oo[ and F be a closed subspace of E. To check that
({h<s}+F c {h<t}+F,

s>t

we fix some z in [),,, {h < s} + F: there exist two sequences (2, )nen and (§,)nen such that
(xn, + & )nen converges to z, with h(z,) <t+1/n and &, € F for any n > 1. Let now y in E
be such that h(y) < ¢, we then set for any n > 1:

t —h(y) .
Qp = —5——— and I, = apTy + (1 — an)y.
Then «,, belongs to |0, 1] and we infer from the convexity of h that h(Z,) < ¢ for any n > 1.
Since (o) converges to 1 as n goes to +oo and since
127 + anén — 2l < anllzn + & — 2[| + (1 — an)lly — 2|

we conclude that (Z,, + @, &,), converges to z, so that z belongs to {h <t} + F. ]

Proposition 3.1 above does not hold for quasiconvex functions. Let us indeed define the
continuous quasiconvex function § on R? by

g(z,y) if y >0,
g(I,y) = g($,0)2—2$ 1f$7y§07
max(—x,y) ifx >0,y <0,

where g is defined by (2.1). Then g(1,—1) = —1 but g does not satisfy D(0) since

(N{G<s}+Rx{0} =R* # Rx]-00,0] = {3 <0}+Rx{0}.

It has already been noticed that property D(¢) is not stable under the addition, the following
proposition shows that it is stable under the max operation under mild assumptions.

Proposition 3.2. Lett € R and f1, fo : E — RU {400} be proper Ls.c. convex functions such
that {f1 <t} N{fa <t} #0 and f1 is continuous at some point y in {f1 <t} N{f2 <t}. Then
if fo satisfies D(t), the function h := max{f1, f} also satisfies condition D(t).

Proof. Let [ : E — R be a continuous linear form. We claim that
lim tinf{l(x) s fi(x) < s, fox) < s} = inf{l(z) : fi(x) <t, fa(x) <t} (3.1)

s—t,8>

For any s > t, we set v(s) := inf{l : f1, fa < s}. We first claim that lim,_; v(s) = lim,_.; w(s)
where w(s) := inf{l : fi; <, fo < s} for any s > t. Indeed, let (z5)s>+ be a family such that
l(zs) <v(s)+s—tand fi(xy), fa(zs) < sfor any s > ¢t. Let y € {f1 <t} N{f2 <t} and set
t—
Vs >t Qg = M
s— fi1(y)
Then oz + (1 — as)y belongs to {f1 <t, fo < s} for any s > ¢ and
lin% v(s) < lin% w(s) < lirr%l(asxs +(1—as)y) < liIr% v(s)
which proves the claim. We now notice that
w(s) = inf{l(x) + 65,<4y () : fa(x) < s}
for any s > t. Since by hypothesis the function [ + ;s <4 is continuous at some point y in
{f2 < t}, we may apply theorem 2.6.i which yields that 1itm>tw(s) = w(t) = v(t), which

concludes the proof of (3.1). Since (3.1) holds for any continuous linear form I, theorem 2.6.ii
yields that h satisfies D(t). O
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The conclusion of proposition 3.2 may not hold when {f; < ¢t} N {fy <t} = 0, even if the
functions f; and f5 are continuous on E. For example, consider the convex cones Cy and Cs of
R3 given by

Cl = {(x7y,z) x>0, H(y,z) - ((E,O)” < IE},
Cy o= A{(z,9,2) : 2 0,[[(y,2) = (==,0)[| < z}.

Then the distance functions f; := d(C1,.) and fs := d(Cs,.) to these sets both satisfy condition
D(0) and are both Lipschitz continuous on R®, but the function h := max{fi, fo} does not
satisfy D(0) since

(N{h<s}+Rx{(0,0)} =Rx {0} xR # Rx{(0,0)} = {h<0}+Rx{(0,0)}.

We now turn more specifically to the finite dimensional case, and prove that a wide class
of convex functions satisfy property D in that setting. Before this, we recall the definitions of
the notion of weakly analytic (or quasianalytic) functions introduced in [4] and of the class of
functions F introduced in [1].

Definition 3.3. Let h: RY — RU {+oc} be an l.s.c. proper convex function. Then f is weakly
analytic if the following holds: if f is constant on a segment [x,y] for some x # y, then [ is
constant on the whole line (x,y).

The function h belongs to the class of functions F if the following holds: for any p > 0, any
sequence (au,)n of real numbers converging to some o and any sequence (), in RN such that

VYneN z, € {h<a,}, |z — +o0, — T € {ho =0}

Ty
[[zall
there exists ng € N such that

Vn > ng xp — pZ € {h < an}.

In the above definition, h., denotes the recession function of h. Of course, analytic convex
functions are weakly analytic, so that any linear function and any convex quadratic function is
weakly analytic. Moreover, any strictly convex function is obviously weakly analytic. Linear
and convex quadratic functions also are good examples of functions belonging to the class F,
and this class of function is stable under the “max” operation. We refer to [1] and [4] for more
examples of functions in both classes. We also point out that these two classes of functions are
distinct as shown in [1].

Thanks to the notions introduced in definition 3.3, the following result enables to show that
many functions satisfy property D.

Proposition 3.4. Let f; : RV — R be continuous convex functions such that for any i in
{1,...,k} either f; is weakly analytic or f belongs to F. Then h := max{f; : i = 1,...,k}
satisfies condition D(t) for any t in h(RY).

Proof. Thanks to proposition 3.1, it is sufficient to check that h satisfies D(t) for ¢ := min(h)
whenever h attains its minimum on RY (otherwise there is nothing to prove). Assume that
h attains t := min(h) on R™. Let I be the set of indices i in 1,...,k such that for some x €
Argmin(h) one has f;(x) < t. Then by convexity there exists x in Argmin(h) such that f;(x) <t
for any ¢ € I. If we set hy := max{f; : i € I} and hy := max{f; : j ¢ I}, proposition 3.2
yields that it is sufficient to check that h; satisfies property D(t). We may then assume that ¢
is the minimum of h; on R, otherwise proposition 3.1 applies again. Repeating the preceding
arguments, we may also assume that any function f; with j ¢ I is constant and equal to ¢ on
Argmin(hy).
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Let now F' be a subspace of R, and let z belong to (,., {hs < s} + F. Let then (z)nen
be such that for any integer n > 1, x,, is of minimal norm among those vectors y € RY such
that there exists £ in F' for which

|z =W+ <1/n and h;(y) <t+1/n.

Let then (&,)n be such that ||z — (2, + &)|| < 1/n for any n > 1. If ||, || /& +oo, then it is
easily checked that z belongs to {h; <t} + F. We may thus assume that ||z,| — +oc as well as
et — @ for some T in RY. Since h; attains its minimum ¢ on RY we infer that h;..(Z) = 0,
and then since any function f; with j ¢ I is constant and equal to ¢ on Argmin(hy) we also
infer that f;_(Z) = 0 for any such j. Moreover, we notice that ch:\l — —Z so that T belongs to
F.

Let now J,, (resp. Jr) denote the set of indices in j € {1,...,k} \ I such that f; is weakly
analytic (resp. f; € F). Then by definition, the functions f; for which j € J,, are constant in
the direction Z, so that f;(z, —T) < t+ 1/n for any such function. On the other hand, there
exists ng € N such that f;(z, — %) <t+1/n for any n > ng and j € Jr. Now one has

Vn > ng hy(x, —%)<t+1/n, & +TEF, ||z—((xn—f)+(§n+§))||_ﬁ.
We conclude as in [1] by noticing that
1 T
o =l = 1 = e + (225 =) < (4= il + | 2 -
" lzall " Ml nH e n|| 1 [

and since ||z, — T|| > ||zn|| (@ is of minimal norm), this yields

Vn > ng

o1l
ol

We then infer the contradiction 1 < 0 by letting n go to +0o0. As a consequence (z,)y is
necessarily bounded and the proof is complete. O

4. DUALITY GAP IN CONVEX PROGRAMMING

We now go back to the duality gap in convex programming: for any non-negative t, we
consider the ordinary convex program (P;) given by

(P) Inf{f(z) : z € RY, fi(z) <t,..., fu(z) <t}

where the fonctions f, f; : RN — R U {+o0} are proper, convex and lower semi-continunous. In
the following, we assume that Inf(Py) > —oo. The dual convex problem associated to (FPp) is
then given by

(D) Sup{lnf{f +Z>‘f’ :xGRN}:)\1>0,...,)\k>O}.

Convex duality theory then yields that there is no duality gap between (FPy) and (D) whenever
the value function v : Ry — R U {—oc} is lower semi-continuous at 0, where v is associated to
the family of problems (P;);>¢ by v(t) := Inf(P;) for any ¢ > 0 (we refer to ch. 3 in [3]). As a
straightforward corollary of theorem 2.6, we get the following result on the duality gap in convex
programming.

Theorem 4.1. Let f; : RY — RU{+o00} be Ls.c. convez functions such that the set {h < 0} is
not emply, where h := max{fi,..., fx}. Then one either has
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i. h satisfies condition D(0), in which case there is no duality gap between (Py) and (D)
whenever the Ls.c. conver function f : RN — R U {400} is finite and continuous at at
least one point of {h < 0}.

ii. h does not satisfy condition D(0), in which case there exists an affine function f : RN —
R for which the duality gap between (Py) and (D) is positive.

The results obtained so far in sections 2 and 3 concerning property D then yield the following
results and comments.

e When one function f; is coercive on R (which in finite dimension reads f;(z) — +oo
whenever ||z|| — +00), lemma 2.4 yields that the function h satisfies property D(0), so
that theorem 4.1.i applies. Notice that in this case, the fact that there is no duality gap
is in fact a simple consequence of the compactness of the constraint sets involved in the
problems (P;).

e When the functions f; satisfy the Slater condition (i.e. {h < 0} is not empty), then
proposition 3.1 also allows to apply theorem 4.1. This result is classical, and in fact in
this case one may even show that the dual problem (D) has at least one optimal solution:
indeed the value function v is then defined with real values in a neighbourhood of 0, and
since v is convex and nondecreasing it turns out that it is continuous at 0 and thus its
subdifferential at 0 is not empty so that (D) has optimal solutions (we refer to ch.3 of 3]
for more details). This result was improved by Li [5], where the absence of a duality gap
and existence of an optimal solution to (D) is proven under the constraint qualification
sup{dist({h < 0},{h < e})/e : € > 0} < oo. This constraint qualification is stronger
than property D(0) since this may be satisfied even if (D) has no optimal solution as
noted below.

e When each of the functions f; is either weakly analytic or belongs to F, then once again
h satisfies property D(0) as a consequence of proposition 3.4. The fact that there is no
duality gap in this case generalizes previous results by Auslender [1], Kummer [4] and
Rockafellar [7]. In [1], it is assumed that all the functions involved in (Fp) belong to
F and that they have the same domain, as a counterpart the author not only proves
that there is no duality gap but also that the infimum in (FP) is attained. Notice that
on the one hand there is no continuity assumption made upon the constraint functions
fi in [1] (while this is assumed in proposition 3.4), but on the other hand there is a
regularity assumption made on every function f and f; (that should all belong to F).
In [7], it is shown that there is no duality gap under the hypothesis that every function
involved in (P) is continuous and faithfully convex (which is a little stronger than weakly
analytic), and this result was improved in [4] where it is only assumed that the constraint
functions f; are weakly analytic. Proposition 3.4 thus allows to mix the classes F and
that of weakly analytic functions and still ensures that there is no duality gap.

e If one takes the single constraint h := g — 1 where g is the Duffin’s function given by
(2.1), then f; satisfies D(0) (thanks to proposition 3.1) whereas one may observe that
the diameter of the sets {f1 < e} \ {f1 <0} is +oo for any positive ¢, so that property
D(0) does not imply the convergence of the sets {f; < e} to {f1 <0}.

Besides the duality gap, another important question concerning (Pp) and (D) is that of the
existence of Lagrange multipliers, i.e. of optimal solutions to the dual problem (D). The following
example, given in [6], shows that Lagrange multipliers may not exist even if there is no duality
gap. Let the convex continuous functions f, f; and fo be defined on R? by f(x1,z2) = 1,
fi(x1,72) == 29 and fo(w1,22) := 27 — x5. The constrained problem we consider is

(P) Inf{f(z) : fi(x) <0, f2(z) <0}
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and its dual problem given by
(D) Sup {L()\l, /\2) = mf{f(x) + )\1f1(.’13) + )\Qfg(.%‘) T X E RQ} : )\1 > O7 /\2 > 0} .

Since the functions f; and fy are quasianalytic, the function max{fi, fo} satisfies property
D(0) so that there is no duality gap between (P) and (D), and one can indeed check that
inf(P) = sup(D) = 0. However, the supremum of (D) is not attained since L(A1,A2) = —o0
whenever A; # A, whereas L(0,0) = —oo and L(\,A) = — 5 for any A > 0.
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