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THIERRY CHAMPION AND LUIGI DE PASCALE

ABSTRACT. We extend the principle of comparison with cones introduced by Crandall,
Evans and Gariepy in [12] for the Minimizing Lipschitz Extension Problem to a wide
class of supremal functionals. This gives a geometrical characterization of the absolute
minimizers (optimal solutions whose minimality is local). Some application to the
stability of absolute minimizers with respect to the I'-convergence is given. A variation
of the basic idea also allows to characterize the minimal Lipschitz extensions in length
metric spaces.
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1. INTRODUCTION

In this paper we study the following problem

min {ess.esflzlp H(z,Dv(z)) : v e g+ Whe(Q)n CO(Q)} , (1.1)

where Q is a connected and bounded open subset of RN, H satisfies the natural as-
sumptions to have the measurability of H(., Dv(.)) for all v € W1*°(Q), g is a map in
W (Q) N C(Q).

This is a relevant class of variational problems associated with supremal functionals
(see for example [15]). This type of functionals has received in the last few years a lot
of attention because of many applications (see the bibliography of [1] for more details).
A peculiarity of supremal functionals is the distinction between minimizers (defined as
usually) and a class of particular minimizers, called absolute minimizers, defined as it
follows:

Definition 1.1. An absolute minimizer for (1.1) is a function u € WH(Q)NC(Q) such
that uw = g on 092 and for all open subset V. CC Q one has

ess.sup H (z, Du(x)) < ess.sup H(z, Dv())
z€V xeV

for all v in WH(V)NC(V) such that v =u on OV.

We recall that V' CC Q means that V C Q, i.e. V is relatively compact in €.
Notice that in the above definition, we restrict ourselves to the open subsets V which
are relatively compact in €2, which is the common definition for absolute minimizers (see
[1]), but we do not assume that « is a minimizer of (1.1) which is in fact a consequence of
this definition (see Lemma B.1 in the appendix). The existence of minimizers as well as
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absolute minimizers for problem (1.1) holds under mild assumptions, see [3, 4, 9]. Unlike
usual minimizers of the problem (1.1), the absolute minimizer may be characterized as
the unique solution of an associated PDE in the viscosity sense when the supremand
H is smooth enough and satisfies some strict level convexity assumptions (we refer to
[4, 10, 18]).

For the basic supremal functional

u +— [[Dul| oo () = ess.sup |Du(z)| (1.2)
e

where the supremand is H : (z,p) +— |p|, the absolute minimizers are also character-
ized by a geometric property introduced in [12] and called principle of comparison with
cones. The principle of comparison with cones permitted some understanding toward the
regularity of absolute minimizers of (1.2), also called oco-harmonic functions. Using the
principle of comparisons with cones it was recently proved in [20] that in 2 dimensions
oo-harmonic functions are C1.

The aim of this paper is to provide a characterization of absolute minimizers of (1.1)
through a generalized version of the Comparison with Cones that will be called Compar-
ison with Distance Functions (see Definition 3.3 in §3). In fact, the “distance functions”
we deal with are pseudo-distances whose definition involves the sublevel sets of H as
well as the paths included in the open subsets V' C  on which they are defined (see
Definitions 2.3 and 2.5 in §2). Indeed, since the supremands H we consider depend on
the variable z, the distance functions we use for the comparison must depend on the
subset V' on which that comparison holds (see Theorem 2.11 in §2).

The usual Comparison with Cones property for absolute minimizers of (1.2) as given
in [1] is mainly based on the following fact. Let V' C Q\ {zo} be open and consider the
cone u : x — alr — xg| + b. If we denote by Lip(u,0V) the Lipschitz constant of u on
OV, then the maximal MacShane-Whitney extension u® of u from OV to V, given by

ut o x— inf{u(y) + Lip(u,dV)|z —y| : y € 9V},

is equal to u on V. In the same spirit, the main tool of our Comparison with Distance
Functions is to use the fact that, for any open subsets V C Q and U CC V, one can
still compare the distance function associated with H and V and its natural MacShane-
Whitney extension on U (see Remark 2.12 in §2 and Proposition 3.1 in §3).

We show in §6 that the Comparison with Distance Functions may be adapted to the
setting of length spaces (see Definition 6.2) and still characterizes absolute minimizers.
We point out that our definition of Comparison with Distance Functions, when written
in the special case of problem (1.2), suggests that when defining the Comparison with
Cones from Above (see Definition 2.2 in [1]) one should consider cones x — a|z — zo| +b
with a non-negative coefficient a (see Remark 6.3). This remark, in fact, ensures that
our characterization for absolute minimizers holds even in the length space setting.

The importance of the relation between the supremal functional in (1.1) and the in-
trinsic distances associated with H was recently observed by many authors. In particular
in [17], under the assumptions of homogeneity of H with respect to the gradient variable,
the authors use the intrinsic distance function to characterize the relaxation of a supre-
mal functional. In [16] for a C? supremand H which does not depend on z a comparison
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principle similar to the one we introduce here is investigated (see in particular section
4).

As final remark let us recall that we deal with an irregular function H then a-priori
one cannot expect that the absolute minimizers are solutions of a PDE (see Example
3.2).

The paper is organized as follows: in section §2, we define the distances we use in
the sequel and give a first upper-bound and lower-bound result for optimal solutions of
problem (1.1) using these distances (see Theorem 2.11). Section §3 is devoted to the
definition of the Comparison with Distance Functions (see Definition 3.3) and the main
result of the paper, Theorem 3.5, that is the characterization of the absolute minimizers
of problem (1.1) through the Comparison with Distance Functions. In section §4, we
observe that when the supremand H satisfies some strict monotonicity in its second
variable, it is possible to somewhat simplify the CDF, and thus to recover the classical
notion of comparison with cones. We then apply the CDF characterization in §5 to
the problem of stability of absolute minimizers with respect to the I'—convergence of
supremal functionals (see Theorems 5.1 and 5.3). We also show in section §6 that the
Comparison with Distance Functions is easily adapted to the setting of length spaces and
also allows to characterize the Absolutely Minimizing Lipschitz functions (see Theorem
6.4). In this paper, the concept of Finsler metrics plays an important role so we report
some basic results in the Appendix A. The Appendix B is devoted to some technical
results concerning the notions introduced in section §2.

2. PRELIMINARY RESULTS

Throughout this work, we assume the following:

(A) H>0, H(-,0) = 0 and H(x,-) is quasi-convex.
(B) H satisfies the following growth condition: (x,p) — H(x,p) is uniformly (with
respect to ) coercive in p, which means

YA>0 3IM>0 VY(z,p) € QxRY H(z,p) <A = |p| < M.

(C) The map (x,p) — H(zx,p) is lower semi-continuous on Q x RV,

We recall that H(z,-) quasi-convex means that any sublevel set {H(x,-) < A} is
convex. The hypotheses (A),(B) and (C) are rather standard and ensure the existence
of absolute minimizers for problems of the type (1.1) (see [3, 4, 9]).

We now introduce the quasi-convex conjugate of H:

Definition 2.1. For any x € Q and A\ > 0, we define L(z,-,\) on RV by
L(z,q,\) :==sup{p-q : pe RN, H(z,p) < \}.

Notice that L(x,q,\) > 0 for any (z,q,A) € Q x RV x Ry, that it is positively
1-homogeneous and convex in ¢ and that L(-,-,\) is measurable (by the upper semi-
continuity w.r.t. z and the convexity w.r.t. to ¢, see appendix A). A function with
such properties (for any fixed A) is usually called a Finsler metric in Q. We refer to the
appendix for more about Finsler metrics and the associated distances.
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Definition 2.2. For any connected open subset V .C Q and any x,y € V, we set
pathy (z,y) = {¢ € WH(10,1[, V) NC([0,1], V) : £(0) =z, £(1) =y} -
In the case V = Q, we simply write pathq(x,y) = path(z,y).

We notice that since V' is open and connected, pathy (x,y) is nonempty for any z,y €
V. For further use, we recall the definition of the usual geodesic distance in V' as given
in [18] (see Definition 1.3 therein).

Definition 2.3. For any connected open subset V.C Q and any x,y € V, we define the
metric distance d¥ (z,vy) by

1
(e, =int { [ Jeat s € < pathy (o |
0
and for any x,y € V we set

dv(x,y) = inf {liminf dv(:vn, Yn) : (Tn)n, (Yn)n € VN and z, — 2,y — y} .

n—-—+00
In the case V = Q, we simply write d*(z,y) = d(z,vy).

Remark 2.4. In the following, the usual distance between z and y in R” shall be denoted
by |z — y|, and the induced distance between a point x and a set A will be denoted by
dist(z, A).

By analogy with the definition above, we now introduce a family of pseudo-distances
on the connected open subsets of ) associated with H.

Definition 2.5. For any connected open subset V C Q and any x,y € V and any A > 0,
we set

1
d(2,y) = inf { | nieéwnar g pathvoc,y)} ,

and for any x,y €V and any X > 0, we set

d;\/(:ﬁ,y) := inf {lim inf d;\/(xn, Yn) : (Tn)n, (Yn)n € VN and x, — T, Yp — y} .

n—-+00
In the case V =, we simply write d}(x,y) = d(z,y).

Remark 2.6. We point out here that since the boundary of V' is not necessarily regular,
one may have d}\/(i,y) = 4oo for some € 9V and y € V: in this case, d}\/(j’;, y) = 400
for any y € V due to the connectedness of V' .

We notice that \ — d}\/ is non-decreasing, that d;/ is not a priori symmetric, but that
it satisfies the triangular inequality

Ve,y eV, VzeV d¥ (z,y) < dY(z,2) +dY (z,y). (2.1)
The above inequality may be false for z € 9V since we made no hypothesis on the
regularity of the boundary of V. The same remarks hold for dv.

We now establish a link between the usual notion of Lipschitz continuity on V C
with respect to that induced by the pseudo-distance dy.
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Lemma 2.7. Let V be a connected open subset of Q. Assume that u:V — R satisfies
Va,y eV uly) —u(z) < dy (z,y)

for some X > 0. Then u belongs to WH(V)NC(V).

If moreover u belongs to C(OV) and the inequality holds for x,y € V, then u €
whee(vV)ync(v).
Proof. Tt is sufficient to prove this in the case V' = Q. Thanks to (B), there exists M > 0
such that {H (z,.) < A} is included in the Euclidean ball B(0, M) for any x in €2, so that
L(z,q,\) < Mlq| for any € Q and ¢ € RY. As a consequence, dy(z,y) < M|y — z|

for any z,y € Q such that the segment ]z, y[ is included in Q. Let W CcC Q, if § > 0
denotes the distance from W to 02, one then has

Va,y € W with |y — x| <6 u(y) —u(x) < M|z —vy|

so that w is continuous on W and || Du/| zee (/) < M, and since this holds for any W cC Q
we infer that u belongs to W1 () N C(Q).

Now assume that u € C(912), it remains to prove that u(z,) — u(x) for any sequence
(z7)n of points in © converging to some z € 9. The following argument is borrowed
from the proof of Theorem 1.8 in [18]. Let (x,), be such a sequence, and denote by y,
a projection of x,, on 0L for the usual norm, then

< Jul@n) = wlya)| + |ulyn) — u(=)]
< max{dx(zn, yn); dr(Yn, Tn)} + [U(yn) — u(z)]
< Mlzn = yal + |uyn) — u()]-

Since x € 012, one has |z, — yn| < |z, — x| so that y,, — x, and since u € C(9N2) we infer
that |u(yn) — u(z)| — 0, which concludes the proof. O

|u(an) — u(z)|

Remark 2.8. The triangular inequality (2.1) yields that

Yo,y € Vo dY (z0,y) — dY (zo,z) < dY (z,y)
for any connected open subset V' C Q, any A > 0 and z¢g € V. Thus Lemma 2.7 also
yields that the function z — dY (z¢,z) is in WH°(V) N C(V). This also holds true

when zg € OV if z — d}\/(xo, x) takes finite values in V. Notice that since no regularity
hypothesis is made on 02, even the distance z — dq(xg, ) may be discontinuous on 9f.

We now turn to the link between the essential supremum of H(., Du(.)) on V and the
Lipschitzian character of the function u with respect to the pseudo-distance d;\/.

Proposition 2.9. Let V be a connected open subset of 2. Assume that u € WH*(V) N
C(V) is such that H(-, Du(-)) < X a.e. on'V for some X > 0. Then for any x,y € V one
has u(y) — u(z) < Y (z,y).

Moreover, if u € C(V) then u(y) — u(z) < dY (x,y) holds for any x,y € V.
Proof. The first claim follows directly from Lemma B.3 of the appendix.

When u € C(V), the final claim follows from the definition of d} by taking the liminf
in u(yn) — u(zy) < df\/(acn,yn) with z,,y, € V for all n and =, — =, y, — ¥. O

The converse holds true:
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Proposition 2.10. Let V be a connected open subset of Q. Assume that uw:V — R is
such that for some X > 0, u(y) —u(x) < dy (z,y) for any x,y € V. Then H(-, Du(-)) < A
a.e. onV.

Proof. 1t is sufficient to prove this in the case V = Q). We first infer from Lemma 2.7
that u belongs to W1>°(Q) N C(£), so that it is locally Lipschitz continuous on €. As a
consequence, u is almost everywhere differentiable on €2, and it is sufficient to show that
H(-,Du(-)) < A for any = € Q at which w is differentiable.
Let thus = € Q be such that u is differentiable at z, then for any ¢ € RY one has
u(@) —u(r—hq) _ | . dy(x—hqx)
= li f <1 f——
Vel g = lpngy h S =
For h > 0 small enough, the function ¢ : [0,1] — R given by &(t) := & — hq + thq
belongs to path(x — hq, x), so that
d (.I‘ —hg,x =
h ~— Jo h
If for any h > 0 we set fp(t) := sup{L(z + (1 — t)h'q,q,\) : 0 < h’ < h}, then the
family (fn)n>0 converges to limsup;_,o L(z + (1 — t)hq, g, A) pointwise. By hypothesis
(B) each f;, is dominated by M|q| for some constant M, so that Lebesgue’s dominated
convergence theorem yields

1
L(x 4 (1 —t)hq, hg, \)dt = / L(x + (1 —t)hq,q, \)dt.
0

d —h 1
liminf "2 Az —hg @ < lim / fa)dt = / limsup L(z + (1 — t)hq, g, \)dt
h—0 h h—0 0 h—0

1
< / L(w, g, \)dt = L(z,9,))
0
the last inequality holding thanks to Lemma B.2. Therefore, Vu(x) - ¢ < L(z,q, \) for
any ¢ € R and thus Vu(zx) belongs to the closed convex set {H(x,-) < A}. O

We now enlight the fundamental link between the pseudo-distances d) and the problem
(1.1), which is a generalization of Lemma 1.6, Theorem 1.8 and the remark following that
Theorem in [18].

Theorem 2.11. Let V be a connected open subset of 2, and consider the problem

(P) min {F(v, V)= ess.es‘ilp H(z,Dv(z)) : ve WH(V)nC(V),v =g on 8V} ,

where g is a function in WL (V)N C(V). Then the minimal value of this problem is
pi=min{X : g(y) — g(z) < d} (z,y) for any z,y € OV }.
Moreover, the functions S™(g,V) and ST (g,V) given on V by
Vo eV S (g,V)(z) = sup{g(y) — d}, (x,y) : y € OV}
Vo eV ST(g,V)(2) = inf{g(y) + d}; (y,2) : y € OV}
are optimal solutions of (P) and for any optimal solution u of (P) one has

VeeV  S(g.V)() < u(x) < 5, V) (@) (2.2)
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Notice that the minimal value u for problem (P) is finite since g € W1 (V)N C(V).

Remark 2.12. In the above statement one may take V' = €, so that this theorem provides
a lower-bound and an upper-bound for the solutions of problem (1.1). The functions S™
and S~ are obtained by analogy with the MacShane-Whitney operator (we refer to the
introduction of [1] for more about this operator). We also attract the attention of the
reader on the fact that in the expression of ST it appears d/‘f(y, x) while in S~ there is

d/‘f(:z:, y): as d}f is not symmetric, this is an important fact.

Proof. 1t is sufficient to prove this in the case V = 2. We first notice that the minimum
1 need not a priori be attained, so that we shall at first set

wi=1inf {\ : g(y) — g(z) < dx(z,y) for any x,y € 0N}
as well as

VeeQ S™(z):=sup{g(y) — dr(z,y) : X > p, y € 090},

Ve e Q St(z):=inf{g(y) +dr(y,z) : A\ > p, y € 0N}.
We first claim that S7(x) = g(z) for any € 0. Indeed, taking y = x in the definition
of S7 yields S™(x) > g(z), while by definition of p one has g(y) — dx(z,y) < g(x) for
any A > p and y € 09, so that S™(z) < g(z), which in turns proves the claim. The

same holds for ST. B
We now prove that for any ¢ > p and z,y € ) one has

S7(y) = 5 (z) < do(z,y).
Indeed, take 0 > p, = € Q and y € Q. We notice that since A — dy is non decreasing,
the supremum in the definition of S~ can be taken for A € |u, o] instead of A > pu, so
that

S (y)— S (z) = sup inf {g(2) — d(y, 2) — g(#) + dx(z,2)}
2€0Q,0>A>p 2 €0L,o>N>p

< sup  {g(2) —da(y,2) — 9(2) + da(, 2)}
z€IN,0>A>p

< sup {da(z,9)} = do(2,9)
o2A>1

where we have applied inequality (2.1) which holds since y € Q.

When y € 09, we notice that S™(y) = ¢g(y) and S™(x) > g(y) — ds(x,y) so that the
claim also holds. The corresponding estimate also holds for S™.

Since g is continuous on 9%, we infer from the two preceding claims and Lemma 2.7
that S~ and ST belong to g + W1°(Q) N Cy(£2). Moreover, it follows from Proposition
2.10 that F(S—,Q) < o for any o > p, so that F(S™,Q) < u. Applying now Proposition
2.9 yields that

S7(y) =5 (x) < dyu(z,y)
for any z,y € €, and since S~ = g on 90 this implies that the infimum in the definition
of v is attained.

Now the same arguments as above yield that S~(g,2) and S*(g,{2) are admissible
for problem (P) and that F(S™(g,€2),Q) < u, so that the minimal value inf(P) for
problem (P) is lower than . We claim that inf(P) = p: by contradiction, assume that
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an admissible function u € g+W1H>(Q)NCo(Q) is such that F(u, Q) < A for some A < p.
Then Proposition 2.9 yields that u(y) —u(x) < dy(z,y) for any z,y € €, and since u = g
on 0N this contradicts the definition of p. As a consequence, inf(P) = p and S~ (g,Q)
and STt (g,Q) are optimal solutions of (P).

Finally, if u is an optimal solution of (P), one has H (-, Du(-)) < p a.e. on 2 so that
by Proposition 2.9 one gets u(y) — u(z) < du(z,y) for any z,y € Q. If z € Q, this
yields g(y) — du(z,y) < u(x) for any y € 0Q so we infer S7(g,Q)(x) < u(x). The same
argument yields the estimate u < ST (g, 2) on Q, which concludes the proof of (2.2). [

3. THE COMPARISON WITH DISTANCE FUNCTIONS

In the following Proposition, we relate the distance functions df\/ (0, ) + « associated
with H with the upper and lower solutions given in Theorem 2.11.

Proposition 3.1. Let V be a connected open subset of 2, and U be a connected open
subset of V' such that U CCV and xo € V\U. Then for any A > 0 and a € R, one has

dY (zo,) + > ST(dY (zo,") + o, U) on U,

and
—dY (-, x0) + @ < S (=dY (-, 0) + @, U) onT.

Proof. 1t is sufficient to prove the first inequality in the case V = 2. We notice that by
the connectedness of € either dy(xo,.) is identically +o00 on Q (see Remark 2.6), or it is
Lipschitz continuous on U (see Remark 2.8). In the first case there is nothing to prove,
so we turn to the second case. We infer from Theorem 2.11 that for all z in U:

ST (dy(zo,.) + a,U)(x) := inf{a + dx(z0,y) + df{(y,z:) cyeodU}

where = min {0 : dx(zo,y) — dr(w0,2) < dY(z,y) for any z,y € OU}. We observe
that 4 < A because by (2.1) we have that for all x,y € 90U, dx(zo,y) — dx(zp,x) <
dy(,y), and since pathy (z,y) C path(x,y) one has dy(x,y) < d{(z,y). Then

S+(d)\($0’ ) +a, U)({L‘) < inf{a + d)\(IE[), y) + dg(ya ‘T) VRS 8U} (31)
for any x € U. Now fix x € U and 0 > 0, and counsider a path & € path(xg, x) for which

1 .
d,\(xo,m)Z/O L(E(L), (), \)dt — 6.

Then there exists t € [0, 1] such that £(t) € OU and £(s) € U for any s > t, so that

t t+1 1 )
dy(xo,z) > /0+/t +/t+1L(§(t),§(t),)\)dt—5

> dy(mo, £0) + 0+ (€[t + 5), ) &

for any n > 1 for which ¢ + 1 < 1. Taking the liminf as n go to +oo yields dx(zo, z) >
dx(20,&(t)) + d¥ (£(t),z) — 0. Taking then y = £(t) as a test in (3.1) yields

ST (dy(z0,.) + a,U)(x) < o+ dy (0, E(t)) + dY(E(t), 2) < o+ 6 + dy (0, x).
Letting d go to zero yields the result. O
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Ezample 3.2. It may happen that the pseudo-distance function = — dy(xg,x) is not a
solution of the extension problem

(Py)  min {F(v, U) := ess.sup H(z, Dv(x)) : v € dy(zo,.) + WH®(U) N CO(U)} ,
xzelU
where 2o € Q\ U and U CC € is connected and open: in that case, the inequality
dy(l'O’ ) > S+(d§\/($0, ')a U)

is strict at some points of U. As a consequence, dy (z0,.) is intuitively not a solution of
some eikonal equation related to H. As an example, in R? take Q = B(0,2), U = B(0, 1)

and . ' o
§\p| ifxelU
Ip|  otherwise.

H(x,p):= {
Now consider

(Pv) min {F(v, U):= %HDUHLOO(U) c v € dy(xg,-) +WH(U)N CO(U)}

where 2o = (1,0) belongs to U. Then one has F(di(zo,-),U) = 2 =1 and
T
vx7y68U ‘dl(-ro,y)—dl(l'(],-fﬂSg’y—x|

as well as

Ve,yc U  YA>0  dY(x,y) =2\|y — =|.
As a consequence of Theorem 2.11 one then infers that the minimal value inf(Py) of
(Py) satisfies

3

inf(Py) < = < 1 = F(dy(zo,-),U)

W

so that dj(zg, ) is not a solution of (Py). Notice that the above fact is in contrast to
the case H(x,p) = |p|, for which the geodesic distance z — dy(zo,x) = Ad(zo,x) is an
optimal solution of the extension problem (P ) for any connected open set U CC
such that xo ¢ U (we of course assume here that d(zo,.) is finite on 2, see Remark 2.6).
Indeed, it is easy to verify that in that case the function Ad(xy,.) is a classical solution of
the eikonal equation |Vo| = A in Q\ {zo}, then derive that is is a solution of —A,v =0
in 2\ {zo} and apply Theorems 3.1 and 3.2 of [12].

Definition 3.3. We shall say that a continuous function u : Q — R satisfies the Com-
parison with Distance Functions (noted @F) from above in Q if and only if for any
connected open subset V. CC Q, any xg €V, any A > 0 and o € R the inequality

w < dy (zg,.) +a on d(V\ {z0})
implies B
u < dY(zo,.) + on V.
Similarly, a continuous function u : Q — R satisfies the CDF from below on Q if and
only if the inequality
u> —d (., z0) +a on AV \ {xo})
implies
u> —dY (,z0) +a onV.
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Finally, a continuous function u : Q — R satisfies the Comparison with Distance Func-
tions on Q if and only if it satisfies the CDF both from above and from below on ).

Remark 3.4. The notion of Comparison with Distance Functions is a generalization of
that of Comparison with Cones appearing in [12]. However, even for the classical case
where H : (z,p) — |p| is the euclidean norm the above notion is different from that
introduced in [12]: indeed that paper deals with the comparison with the usual cones
x + Ao — x|, while our notion leads to the comparison with the cones x — Ad" (z¢, x)
(where d' (-, ) is the usual geodesic distance in V, see Definition 2.3). This is overcomed
in section 4, see Remark 4.4.

We now state and prove the main result of the paper.

Theorem 3.5. Let u € WH°(Q)NC(Q). Then u is an absolute minimizer of

(P) min {F(v, Q) = ess.esglzlp H(z,Dv(x)) : v € g+ WhHe(Q)n CO(Q)}

if and only if u = g on 002 and u satisfies the Comparison with Distance Functions on
Q.

Proof. We first prove the only if part, that is if u is an absolute minimizer of (P) then it
satisfies the CDF from above on Q (the argument is the same for the CDF from below).
Let thus V be an open, connected subset of Q relatively compact in Q, zg € V, A > 0
and o € R be such that

u < dy (xg,.) +a on d(V \ {zo}).

We shall assume that d;\/ (x0, .) is not uniformly 400 on V, so that is is Lipshitz continuous
in V. Let (e;)r be a sequence of positive numbers decreasing to 0. Define o = a + ¢,
and observe that (o), decreases to o and

u < dY (zo,.) + o on OV \ {zo}). (3.2)

Let Uy == {z € V : u(z) > dY (z0,.) + ag}. If Uy is empty, there is nothing to prove.
Otherwise, we first claim that Uy CC (V \ {zo}). By contradiction, assume that the
sequence (Z), in Uy converges to some z € O(V \ {zo}), then taking the liminf as n
goes to +0o in u(x,) > dY (zo, T,) + ay yields

u(z) > dy (zo, ) + ay,

and since x € O(V \ {zo}), this obviously contradicts (3.2).

Now since Uy CC (V' \ {z0}) and v and d} are continuous on V, we have that Uy
is open, and we may assume that it is connected (otherwise we consider a connected
component). We then claim that

u < ST(dY(zo,.) + ag, Uy) on Up. (3.3)

Indeed, u = dY (20, .) + a; on AUy, and since u is an absolute minimizer of (P), it is an
optimal solution of

(PUk) min {F(v, Ug) v e d}\/(l’o, )+ o+ Wl’oo(Uk) N Co(Uk)} .
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Then (3.3) follows from Theorem 2.11, and Proposition 3.1 then allows to conclude that
u < dY (zo,.) + ap on Uy,
which obviously contradicts the definition of Uy which is then empty for all k. Letting
k go to +00 we obtain
u < dy(zo,.) +a onV
which concludes the proof of the only if part.

We now turn to the if part: assume that v = g on 02 and u satisfies the CDF on Q.
Let V be an open subset of Q with V' CC 2, we must prove that u is an optimal solution
of

(Py) min {F(v,V) : v €u+Wh>*(V)NC(V)}.
Thanks to Theorem 2.11, this is equivalent to show that

F(u,V) =min(Py) = p:=min {\ : u(y) —u(z) < dY (z,y) for any z,y € ov}.

Let x € OV, then by definition of ;s one has
uly) < u(e) +dy; (z,y) for any y € d(V \ {x})

and since u satisfies the CDF from above this inequality holds for any y € V. Now let
y € V, then we just obtained that

u(z) = u(y) —dy; (z,y) for any = € O(V \ {y})
and since u satisfies the comparison with cones from below this inequality holds for any
x € V. As a consequence, we get
u(y) —u(z) < dL/(a:, y) for any x,y € V.
Proposition 2.10 then yields F'(u, V) < u, which concludes the proof. O

Remark 3.6. The proof of the if part above is somewhat inspired from the argument of
Proposition 2.1 in [1].

4. COMPARISON WITH GLOBAL DISTANCE FUNCTIONS

Dealing with distances which depend on the open set may be technically difficult. In
this section, under some more regularity assumption on the supremand H (which still
cover a very wide variety of possible supremands) we are able to simplify the results of
section 3 by dealing with distances which do not depend anymore on the open set.

Definition 4.1. We shall say that a continuous function u : Q — R satisfies the Compar-
ison with Global Distance Functions (noted CGDF) from above in S if for any connected
open subset V.CC ), any xo €V, any X > 0 and o € R the inequality

u < dSH(zo,.) +a on d(V\ {zo})
implies
u < d$(zo,.) +a onV.

Similarly, a continuous function u : Q — R satisfies the CGDF from below on Q if the
iequality
u> —dSH(.,x0) + a on d(V \ {zo})
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implies B

u> —d¥(.,z0) +a onV.
Finally, a continuous function u : Q0 — R satisfies the Comparison with Global Distance
Functions on Q) if it satisfies the CGDF both from above and from below on Q.

In order to make the link between the Comparison with Global Distance Functions
and the absolute minimizers, we assume in the rest of this section that the following
regularity property on H holds:

(D) For all A > x>0 and V CC Q there exists a > 0 such that
Ve eV { H(z,") < p} + B(0,a) C { H(z,-) < A}

Remark 4.2. 1t is easily infered from this assumption that for any connected open set
V cC Q and for any A > p > 0 one has

Vo £yeV dy, (w,y) < d} (2,y).
We now turn to the main theorem of this section.

Theorem 4.3. Assume that (D) holds, and let u € WH°(Q) N C(Q). Then u is an
absolute minimizer of

(P) min {F(v, Q) = esi.es&lp H(x,Dv(z)) : v € g+WhHe(Q)N CO(Q)}

if and only if u = g on 002 and u satisfies the Comparison with Global Distance Functions
on €.

Remark 4.4. As the proof of the above theorem shows, the CGDF characterization is
obtained via local arguments: every computation is made in some V CC . One could
even therefore replace the pseudo-distances d? by the pseudo-distances dﬂfN whenever H
is defined on R x RY, with assumption (D) still holding on 2. One may in particular
apply this to the case where H does not depend on z: for example, one thus recovers
the usual comparison with cones for the special case H(z,p) = |p|.

Proof of Theorem 4.3. For the only if part, we just notice that the corresponding proof
of Theorem 3.5 still holds when df\/ is replaced with df\z.

Let us turn to the if part: assume that v = g on 002 and u satisfies the CGDF on
Q. Let V be a connected open subset of 2 with V CC €2, we must prove that u is an
optimal solution of

(Py) min {F(v,V) : v € u+ W2 (V)NCy(V)}.
By Theorem 2.11, this is equivalent to show that
F(u,V) =min(Py) = p:=min {\ : u(y) —u(z) < dY (z,y) for any z,y € ov}.

By contradiction, assume that A := F(u, V) > u. Then there exists xg € V such that u
is differentiable at xg and

H(zo, Vu(zg)) = Ao > p. (4.1)
We first claim that for A = (u + X\g)/2 there exists x4, € OV such that

w(tsoe) —ulzo) > dY (20, 400) (4.2)
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where A = (+ Ag)/2. Let M > 1> a > 0 be such that
B(0,a) C { H(z,-) <v} C B(0,M)

for all z € V and v € [u, A].

We define by induction the decreasing sequence (Ap)nen by Apt1 := (u+\y)/2 for any
n > 0. Then we infer from (4.1) that there exists x( such that |z —20| < 57=dist(zg, 0V)
and

u(z() > u(zo) + dyl (w0, 2()-
Indeed, one would otherwise have u(x) < u(mo)—i—d}\/l (zo,x) for any x € B(xo, 3z dist(zo,0V)),
then Proposition 2.10 would imply H (zg, Vu(zo)) < A1, which contradicts (4.1).

Let us notice that since [z —z| < % dist(zo, dV), Lemma B.4 yields that dY (zo,z() =
d% (x0,x(). We may now apply Lemma 4.5 below to build by induction starting from
xo a sequence (Tp)pen in V such that

e for any n € N, one has
2

o . (6 2
Wdzst(mn,(?V) < Nepy1 — xn| < ——dist(zy, V),

2M
e for any n € N, one has

U(xn—',-l) > U(In) + d¥n+1 (xny xn—i—l)u

e for any n € N, x,, € V and there exists z/, € V such that

052

2M?2
Applying once again Lemma B.4 yields that in the preceding, df\/n = d?ﬂ, so that the
sequence (Zp)nen is such that for any n > 0, one has

2
o .
|Tps1 — Tn| > mdzst(xn,a‘/) and u(Tpt1) > u(zy) + d}\/n+1(xn7$n+l).

‘x;z —zp| <

dist(zy, V) and  u(x)) > u(x,) + dg\ln+1(a:n, xh).

This yields that for any n € N
o
2M?2

We now conclude as in the proof of Theorem 3.2 of [12]: for any n € N one has

w(Tnt1) —u(zn) > df\/(xn,xnﬂ) > dist(xy,, V).

n 3 n

« .

w(Tpt1) —u(zg) > ZdY(xi,xiH) > 2 Zdzst(xi,a‘/) > 0.
1=0 1=0

Since u is continuous on ), it is bounded on V, and thus dist(x,,dV) — 0 as n — +oo.

Let x4 be a cluster point of (z,)n, then 24+ € OV and taking the liminf as n goes to

+00 In
n

u(Tpy1) —ul(wo) > Zdy(xhxi-ﬁ-l) > dy (20, Tnt1)
=0
one gets (4.2), which proves the claim.
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A similar argument (which relies on the use of Lemma 4.6) yields the existence of
some T_o € OV such that

u(zo) — w(r_oo) > dy (T oo, T0). (4.3)
We finally infer from (4.2) and (4.3) that for the points 24, z_oc € OV it holds
U(Tyoo) — U(T-c0) = d}\/(x07$+00) + dY(x—oo’xO) > dY(x—oo’x-i-OO)'
By Remark 4.2, we then get
U(Tyoo) = u(T-c0) = dy(;v,oo,;mroo) > d;‘{(xfma T40),
which contradicts the definition of pu. O

The following Lemma is inspired from Lemmas 2.4 and 3.3 of [12]. Notice that in
its proof, we only use that u satisfies the CGDF from above. For the notations and
hypotheses, we refer to Theorem 4.3.

Lemma 4.5. Assume that © € V is such that there exist v € |u, A] and 2’ € V' such that
|2 — x| < 2M2dzst(x aV) and
u(x') > u(z) + d (z,2').

Then for any 0 €|, v| there exist y and y' in 'V such that

o 2M2 dist(xz,0V) < |y — x| < 5pdist(z,0V),

* u(y) = ux) + dy'(z,y),

o [y =yl < {pdist(y,0V) and u(y) > uly) + d (y.y).
Proof. Set R := ;‘—Mdist(:r,@V), let 6 €]u,v[, 0’ €]0,v] and define

a = max{u(z) — dy(z,2) : z such that dy(z,z) < R}.

By the definition of R, if dj(z,z) < R then

2
— < d% <pR=""u
alz —z| <dy(x,z) <R 2Mdzst(a:,8V)

so that z € V.. Moreover, since z’ is such that
d}(z,2) < M|z’ — z| < M dzst(x V) = R,
one has a > u(z') — d} (z,2') > u(a’) — d?(m,aj) > u(z). Since u satisfies the CGDF
from above on 2 and d?, (z,-) is continuous on V', one has
a = max{u(z) — d}(z,2) : z =z or z such that d}(z,z) = R},
and we infer from djj (z,2') < R that
a = max{u(z) — d3(x,2) : z such that d3}(z,z) = R} > u(z).

Let now y be such that di(z,y) = R and u(y) — d¥}(z,y) = a. Then y € V, and one has

a?
e dist(x, V)

Mly — x| >dy(z,y) =R sothat |y—z|>
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as well as
aly —z| < d}(z,y) =R sothat |y—z|< %dist(m,ﬁ‘/)
and
u(y) = di(z,y) + a > dg (2, y) + u(z) > di (z,y) + u(=).
Now, set r = %dist(y, 0V). By Lemma B.5, for any £ €0, 1] there exists y. such that

lye — y| = emin{{7, ‘y;l"} and
dy(w,y) = di(x,ye) + g (ye, y)-
As a consequence, df}, (z,ye) < R so that
u(ye) — dgp(z,5:) < a = u(y) - dg(z,y)
= u(y) — (dg(z,5) + i (v, v)) -
We thus have
u(ye) < uly) — dg’ (Ye, y)- (4.4)
Take 8” €10, 6'[ and define
b= max{u(z) — dy(ye, 2) : z such that d(ye, z) < r}.
We notice that d$ (ve,y) < M|y. —y| < r, and by (4.4) and Remark (4.2) we have

b > uly) — dgi(ye,y) > uly) — dgr(ye, y) > u(ye).
The same arguments as above thus yield the existence of some y° such that
d (ye,yf) =7 and w(y®) — d (ye, vF) = b > u(ye).

Let ¢’ be a cluster point of the family (y)c~0 as € — 0, then by passing to the limit in
the above relations, one infers

A3y, ) =r  and  u(y) —dg(y,y') > u(y).
Then one has

a?
< ——d1
< 2M2dzst(y,8[/)

1 r
g <*dQN N =—
|y ylfa o (U, y") -

Finally using once again Remark (4.2) we get
w(y') —dg (v, y') > u(y') — g (y,9') > uly)
which concludes the proof of the Lemma. O

An analogue of the above Lemma holds, if we require only that u satisfies the CGDF
from below on €.

Lemma 4.6. Assume that x € V is such that there exist v € |u, ] and 2’ € V' such that
|2/ — x| < %dist(w,@V} and
u(z) > u(z') + d2 (2, z).
Then for any 0 €|, v] there exist y and y' in V such that
o ;‘%dist(m’,a‘/) < |y — x| < $5pdist(z,0V),
o u(z) > uly) + dg (y,2),
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2 .
o |y —yl < S5pdist(y, V) and uy) > u(y') + dg'(y',y).

5. STABILITY OF ABSOLUTE MINIMIZERS WITH RESPECT TO I'-CONVERGENCE

In this part, we show that the notion of absolute minimizer is stable with respect
to I'-convergence (see Theorem 5.1 below) and then apply this result to the case of the
homogenization in L* of supremal functionals. We recall that when X is a metric space,
a sequence of functionals F,, : X — R is said to I-converge to F in X if

Ve e X F(z) = T —liminf F,,(x) = T — limsup F,(z),

where
I — liminf Fj,(z) = inf {liminf F,,(z,) : zp — 2 in X}

' — limsup F,(x) = inf {limsupFn(:):n) DT, — TN X}.
We refer to [13] for an introduction to the theory of I'-convergence. We now state the
stability of absolute minimizers with respect to this notion of convergence.

Theorem 5.1. Assume that for any n € N, the function u, € W1°(Q) N C(Q) is an
absolute minimizer of the problem

(P) min {ess.sup H,(x, Dv(z)) : v € up + WH(Q) N CO(Q)} ,
x€eQ)

and that the sequence (tun)nen converges uniformly on Q to some function us € WH>(Q)N

C(Q). For any n € NU{+oo} and relatively compact open subset U C Q with boundary
of class C?, we define the supremal functional F,(.,U) on C(U) by

ess.sup Hy,(x, Dv(x)) if v e Wh(U)NC(D),
Fo,(v,U) = zelU
400 otherwise,
where the supremand H,, satisfies conditions (A) and (C) for any n € NU {400}, and
the family {Hn}nenu{+oo} B8 uniformly equicoercive on ) x RN ..

VA>0 3IM >0 VneNU{+oo} V(z,p) Hy(xz,p) < A= |p| <M. (5.1)

Suppose that for any such open subset U the sequence (Fy,(.,U)), I'-converges in C(U)
to the supremal functional Fso(.,U). Then the function us is an absolute minimizer of

(Pso) min {ess.sup Hoo(z, Dv(2)) = v € oo + WH(Q) N CO(Q)} .
e
We first prove the following Lemma, which in our opinion has an interest by itself.
For a connected open subset V'.C ©Q, A > 0 and n € NU {400}, we shall denote by d)‘{,n
the pseudo-distance in V associated with the supremand H,.

Lemma 5.2. Under the assumptions of Theorem 5.1, for any U CC ) with boundary
of class C?, any p > 0 and x € U, there exists a sequence of non-negative real numbers
(tin)n such that

dv (x,.) — d%oo(x, ) inC(U). (5.2)

Hn, T
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Proof. We infer from Lemma B.3 that for any y € U one has
U o« . 1,00 7T
dpoo(x,y) = sup{v(y) —v(x) : ve W*(U)NCU), Hx(., Dv) < pa.e. on V}
— sup{uly) —v(z) : Foo(v,U) < i}

Since (Fy,(.,U))n -converges in C(U) to Fu(.,U), there exists a sequence of functions
v, € WH(U)NC(U) converging uniformly in U to dY , (z,.) and such that

F(vn, U) = Foo(df] o (2,.), U) <

where the last inequality follows from Proposition 2.10. For any n we set F,, (v, U) = pp,
and we prove (5.2) for the sequence (un)n. It follows again from Lemma B.3 that for
any n and y € U one has

d (z,y) = sup{v(y) —v(x) : Fu(v,U) < pa}
Un(y) - 'Un(x)7

v

thus letting n go to +oo yields
VyeU lim mfd n(Ty) > dg’oo(x,y).

n—-4oo

We also notice that by the uniform equicoercivity assumption (5.1), the regularity of
OU and the fact that dgmn(a:,x) = 0 for any n, the family (dl[{mn(ac, ))r is uniformly

bounded and equicontinuous on U and thus we may assume without loss of generality
that it converges in C(U) to some function w. We infer from the I'-convergence of F,,(.,U)
that
Fo(w,U) < hmlan (dg o(x,.),U) < liminf p, < p.
n n—-+o0
Then for any y in U we have
limsupdy, (z.y) = w(y) = w(y)—w(z)

n—-+o0o
< sup{o(y) —v(@) : Foolv,U) < p} = dY (x,y)
where the last inequality follows by Proposition 2.10 and this concludes the proof. [

Proof of Theorem 5.1. Thanks to theorem 3.5, it is sufficient to prove that u., satisfies
the CDF associated with H.,. We only prove that u., satisfies the CDF from above,
the argument being similar for the comparison from below. Let then zog € V, A > 0 and
a € R be such that
Uoo < dxoo(mo, )+ a ond(V\{xo}).

Let e > 0and set W = {z € V : us > dY_ (20,.) + a +e}. If W is empty, there
is nothing to prove, otherwise the same argum’ents as in the proof of Theorem 3.5 yield
that W is open and W CC V' \ {zo}. We may also assume without loss of generality that
W is connected. Thus there exists U CC V' \ {zg} open, connected, with C?> boundary
and containing W. Then the function dy’oo(xg, .) is continuous on U, and we have

uoo<y) S atet dy,oo(x()vy) = ate+ S+(d§\/,oo(m07 -)7 U)(y)
for any y € OU. We now infer from the definition of S*(dxoo(xo, .),U) that
Uso(y) < ot et dy o (20,7) +djy oo (2, 9) (5.3)
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for any z,y € 9U and with
W= min{a : dxm(mo,y) — dKoo(xo,x) < dgoo(azjy) for any x,y € 3U}.

Let us now fix z € OU in (5.3), we aim to show that this inequality holds for any y in
U. We infer from Lemma 5.2 that there exists a sequence (uy, ), such that

U U Y
dun,n(x’ ) — du,oo(x> ) inC(U).
Let 6 > 0, we get from (5.3) that for n large enough
Yy € OU up(y) < a+€+5+df\iw(xo,x) —i—dﬂmn(:c,y) (5.4)

Since for all n the function w,, satisfies the CDF property, the inequality (5.4) holds for
any y € U. Letting n go to oo in (5.4), we get that

VyeU Uso () §a-l—e—l-(s-f—d}\/’m(xg,x)+dg’oo(x,y).
We let § go to 0 and take the infimum on 2 € OU to get that for any y € U one has
Uso(y) < a+e+ inf{dxoo(:ﬁow) - dfioo(m,y) cxedU}
= a+e+ S+(d>‘\/,oo($07 ), U)(y).
Applying Proposition 3.1 yields
VyeU Uoo (Y) §a+5+dxoo(xo,y),
which contradicts the definitions of U and W. O

We now turn to the application of the above result to an homogenization problem. For
any positive e and V open subset of Q, let the supremal functional F.(.,V') be defined

on C(V) by

€T R
ess.sup H(—, Dv(x if v e Whe(V)ync(V),
F(o.V) ::{ s Sup (2, Dv(z)) (V)ncv)

400 otherwise,
and let Fpom(., V) be given by

ess.sup Hpom(Dv(z))  if v € Who(V)NC(V),

Fhom(va V) = e
400 otherwise,

where for any p € RY one has

Hpom(p) := inf {es%sll;g H(z,p+ Dw(x)) : w € W#OO((O, nMynce((o, 1)N)} )

The following classical assumptions are made on the supremand H:
(A') H : RV x RN — [0, +00] is lower semi-continuous, (0,1)"-periodic in the first
variable and level-convex in the second, and H(.,0) = 0.
(B’) H satisfies the growth condition: «(|p|) < H(z,p) < B(|p|) for any (x,p) €
RY x RN, where a,3 : Ry — R, are increasing functions, a(t) — +oo as
t — +oo and f is locally bounded.
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(E) H satisfies the continuity condition: for any M > 0 there exists a function
w:Ry - Ry with w(t) > 0ast— 0" and
v e (0,)Y Vpn€BO,M)  [Hz,p)— H(zn| <w(lp )
Then the following holds.

Theorem 5.3. Assume that for any € > 0, the function u. € WH(Q) N C(Q) is an
absolute minimizer of the problem

(P:) min { F.(v, Q) : v € ue + WH2(Q) N Co(Q) }

and that ug € WL (Q)NC(Q) is a cluster point (as e — 0) in C(Q) of the family (ue)eso-
Then ug is an absolute minimizer of the homogenized problem

(Prhom) min { Fyom (v, Q) @ v € ug + WH>(Q) N Coy(Q) } .

Proof. We first notice that thanks to hypotheses (A’) and (B’), the family of supremands
(H(Z,.))e>0 obviously satisfies conditions (A), (C) and (5.1). To apply theorem 5.1, it
thus remains to prove that for any open subset V' CC € with C? boundary the family

(F.(.,V)) I-converges to Fpom(., V) on C(V) as € — 0: this follows from Theorem 5.2 of
[6]- O

6. ABSOLUTELY MINIMIZING LIPSCHITZ EXTENSIONS IN LENGTH SPACES

In this section we show that the principle of Comparison with Distance Functions also
characterizes the absolutely minimizing Lipschitz extensions in a length space (X,d). A
metric space (X,d) is said a length space if it is arcwise-connected and the distance of
any two points coincide with the infimum of the length of continuous arcs joining them.
More precisely, if z,y € X and if we denote by pathy(z,y) the set of continuous maps
v :[0,1] — X with v(0) = z and (1) = y, then the length I(7) of v is given by

k
() := sup {Z d(v(t;),y(tiv1)) : 0=to < ... <t =1, k> 1}
i=0

and (X, d) is a length space if for any z,y € X one has

d(x,y) = inf{l(7) : v € pathy(z,y)}
The category of length spaces includes Riemannian manifolds, Carnot-Caratheodory
spaces, as well as more general spaces (see 1] for more on this notion).

We first recall the definition of an Absolutely minimizing Lipschitz extension in a
length space as given in §9 of [1].

Definition 6.1. Let (X, d) be a length space, A C X and u: A — R, then we set
Lip(u, A) = inf{k : u(y) —u(z) < kd(x,y) forallz,y € A}.

Let V' be a proper open subset of X, then a Lipschitz continuous function v : V — R is
said to be an Absolutely Minimizing Lipschitz function (noted AML) on V if for all open
subset U of V one has

Lip(u,U) = Lip(u,oU).
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In the above definition, proper means that V' ¢ {0, X}, and since X is connected this
implies that OV # (). We now extend the notion of Comparison with Distance Functions
to this setting.

Definition 6.2. Le{ (X,d) be a length space and V a proper open subset of X. A
function u : V — R satisfies the Comparison with Distance Functions from above on V
if for any open subset U of V, any xg € X, any a > 0 and b € R, the inequality
u < ad(zg,.)+b on AU \ {zo})
implies o
u < ad(zg,.) +b on U.
Similarly, a continuous function u : Q — R satisfies the CDF from below on Q if and
only if the inequality
u > —ad(zo,.) +b on (U \ {zo})
implies B
u > —ad(zg,.) +b on U.
Finally, u satisfies the CDF on V' if and only if it satisfies the CDF both from above and
from below on V.

Remark 6.3. We point out that in the above definition the parameter a is non-negative,
whereas in the classical definition (for example see Definition 2.2 in [1]) a may take
negative values. This is inspired from Definition 3.3 where the parameter A is neces-
sarily non-negative. This difference allows to show that with the above definition, the
comparison with cones is still a characterization for the AML property in this general
length space setting, and rules out the problem arising in Example 9.2 of [1]|. Indeed, in
that example the authors consider the case where X is the unit sphere of R? equipped
with the geodesic distance, xg is the north pole and V' the southern hemisphere. Then
the constant function § is of course an AML in X, and is equal to the cone di(zo,.) on
V. One doesn’t have § > dy(xo,.) in V, while § < di(xo,.) holds in V. The classical
definition for the comparison with cones would ask the two inequalities to hold (and thus
fails to characterize the AML property), whereas Definition 6.2 only asks for the second

inequality to hold.
We now state the main theorem of this part.

Theorem 6.4. Let V be a proper open subset of X, then v :V — R is an AML in'V
if and only if u enjoys the Comparison with Distance Functions property.

Proof. The only if part. We only prove that w satisfies the CDF from above on V. Let
U CV beopen, zg € X, a>0and b € R and assume that

u < ad(zg,.) +b on O(U \ {zo}).
Assume, by contradiction, that the set A := {z € U : wu(z) > ad(zg,z) + b} is not
empty. Then A is open and on 0A we have u(z) = ad(xg, x)+b. The triangular inequality

implies that Lip(ad(xo,.) + b, 0A) = a < a, and the maximal Lipschitz extension u™ of
this distance function inside A is

ut :x— inf {ad(zo,y) + b+ ad(y,x)}.
ye0A
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Since u is an AML on V, one has u < v on A. Proceeding as in the proof of Proposition
3.1, we get that u* < ad(zg,.) + b on A. Indeed, for any = € A one has

ut(z) < yie%&{ad(xo, y) + b+ ad(y,x)}. (6.1)

Let 6 > 0, there exists v € pathy(xg,x) such that d(xo,z) > I(y) — 6, then taking
ts € [0,1] such that £ = ~(ts) € 0A, one gets d(zg,x) > d(xo,Z) + d(Z,z) — d. Since
a > 0, we infer by taking y = Z in (6.1) that u™ (x) < ad(xg, z) + b+ ad. Letting & go to
0, we finally get the contradiction.

The if part follows line by line the proof of Proposition 2.1 in [1]. O

Remark 6.5. We point out that in the preceding proof, the geometric idea of the first
implication is again the idea of Proposition 3.1, and that this idea is easily adapted to
this length space setting.

Remark 6.6. The previous theorem shows that even in an ambient space in which cones
do not satisfy comparison with cones (for example a sphere or any other manifold with
non trivial cut-locus) the CDF property still characterizes the absolutely minimizing
Lipschitz extension. Then the CDF property provides, in some sense, a structure-free
criterium for absolute minimality.

APPENDIX A. FINSLER METRICS AND RELATED QUESTIONS

A Finsler metric on a connected open subset 2 of R” is a Borel-measurable function
v : QxR™ — R, such that ¢(x,-) is positively 1-homogeneous for all z € Q and convex
for £ a.e. x € Q. We refer to [2] for an advanced introduction. We also refer to
the papers [14] for more complete versions of Propositions A.1 and A.2 (respectively
Theorems 3.3 and 3.7 therein).

Given a positive constant § we set

Mg = {¢ Finsler metric in Q s.t. ¢(z,q) < B|q| in @ x R"}.

Then to each ¢ € Mg one can associate (as we did in section 2) a pseudo distance
dy = Q x 0 — R, through the formula

1
o) =t { [ o030t < € parh(an)}.

There is in the literature another way to associate a distance to a Finsler metric ¢ € €2
and it consists of a sup — inf operation. We denote by N the set of subsets N of Q with
Lebesgue measure £"(N) = 0. A Lipschitz curve ~ : [0,1] — Q is said transversal to N
if H1(v([0,1]) " N) = 0. Then we define

1
d?(xz,y) = sup inf {/ e(v(t),4(t))dt : ~ € path(z,y) and 7 transversal to N} .
Ne~N 0
We now introduce the polar of ¢, ©° : Q@ x R — R, U{+oo} which is defined as follows:
¢(z,p) :==sup{p-q : ¢(z,q) <1},
We then have the following:
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Proposition A.1. The following inequality holds for any x,y € Q
sup{u(y) —u(z) : u € Lip(Q), ¢°(,Du) <1ae} < d?(z,y)

Proof. Let u € Lip(Q) satisfying ¢°(., Du) < 1 a.e., and let N, be the union of set of non
differentiability of v and the set where (., Du) > 1. For each y € path(z, y) and v transversal to N,
we have

u(y) — ulz) = /Ol(uw /vu 5 (t)dt.

We notice that for almost every ¢ €10, 1] for which ¢(y(t),¥(¢)) = 0 one has Vu(~y(t)) -
4(t) = 0, otherwise ©°(y(t), Du(vy(t))) = +o0o by the 1-homogeneity of . Moreover, for
almost every ¢ €10, 1[ for which o(y(t),5(t)) > 0 one has

Vu(y(t) -3(t) < (v(t),7(2))

because of the 1-homogeneity of ¢ and ¢"(., Du(.)) < 1.
We thus obtain

1
u(y) — u(z) < /0 (), 4(1))dt

and then

1
u(y) — u(z) < inf {/ o(y(t),5(t))dt : v € path(x,y) and ~ transversal to Nu} .
0

The conclusion now follows using the definition of d*(x,y). O

We finally prove that when the Finsler metric ¢ is regular, the two definitions above
coincide.

Proposition A.2. If ¢ € Mg and x — @(x,q) is upper semicontinuous on Q for all q,
then d¥ = d.

Proof. The inequality d¥ > d is obvious, we just check the reverse inequality. To this
end, we have to prove that for any =,y € Q and N € A one has

1
dy(x,y) = inf {/ o(y(t),4(t))dt : ~ € path(z,y) and ~y transversal to N} . (A1)
0

Let v € path(zx,y), if « is transversal to N then there is nothing to do. Otherwise, 7
can be approximated strongly in W1°(]0, 1[, Q) by a sequence (v;)x in path(z,y) with
vk transversal to N for all k (for example, see Lemma 3.2 in [5]). Then by the upper
semicontinuity of x — ¢(z,q) we infer that

1 1
lim sup /0 oOmlt) Ae(B)dt < /0 (1), 5 (1))t

k——+oc0
so that

1 1
/ o(y(t),¥(t))dt > inf {/ o(y(t),5(t))dt : ~ € path(x,y) and ~ transversal to N} .
0 0

and (A.1) holds, which concludes the proof. O
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APPENDIX B. PROPERTIES OF ABSOLUTE MINIMIZERS, L AND dy.

We first show that an absolute minimizer of (1.1) is indeed an optimal solution of
(1.1).

Lemma B.1. If the function u € Wh*(Q) N C(Q) is an absolute minimizer of (1.1)
then it is a minimizer of (1.1).

Proof. Let v € g+ WhH™(Q) NCo(R), we aim to show that

ess.sup H(z, Du(z)) < ess.sup H(z, Dv(x)). (B.1)
zeQ z€Q
We first show that
ess.sup H(z, Du(z)) < ess.sup H(x, Dv(z)). (B.2)
ze{u#v} ze{u#tv}

To this end, we set V5" := {z : u> v+ 6} and V5~ := {z : u < v — 4} for any positive
§. Then V5" cC Q and v+ 6 = w on OV, and since u is an absolute minimizer of (1.1)
we obtain

ess.sup H(x, Du(x)) < ess.sup H(x, Dv(x)).

zeVyt zeV;h

Passing to the limit as § tends to zero yields

ess.sup H(x, Du(z)) < ess.sup H(x, Dv(z))

ze{u>v} re{u>v}
and (B.2) follows by applying the same argument with V.

We now conclude by noticing that H(z, Du(z)) = H(x, Dv(z)) for almost every z in
{u =v}NQ. This and (B.2) conclude the proof of (B.1). O

We now turn to the study of L. We first notice that by definition and thanks to
assumption (B), for any A > 0 there exists § > 0 such that L(.,.,\) belongs to Mg. In

order to be in position to apply Proposition A.2, we prove the following regularity result
on L.

Lemma B.2. The function (x,\) — L(xz,q,\) is upper-semicontinuous on 2 x Ry for
any g € RY.

Proof. Let (zy, Ap)n converge to (z,\) € Q x R, we must check that
hm Sup L(‘T’na q7 )‘71) S L(.%', q7 )\>

n—-+o00o

We may assume without loss of generality that the limsup is in fact a limit. For any
n € N, we take p, € {H(xy,.) < Ay} such that L(z,,q, A\n) = pn - ¢. Thanks to (B),
the sequence (pr), is bounded and we may extract a subsequence (py, )n, converging to
some p € RV, Since H is Ls.c., we get H(z,p) < A, so that

S L(@n, ¢, An) = Hm pr, - gn, =p-q < L(z,q,4)

which concludes the proof. O

As a corollary of Propositions A.1 and A.2 and the above Lemma, we get the following.
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Lemma B.3. Let V be a connected open subset of Q, then for any A >0 and x,y € V
one has

dY (z,y) = sup{u(y) —u(z) : we W°(V)NC(V), H(.,Du) <X a.e. on V}. (B.3)
Moreover, if V has Lipschitz boundary, then for any X >0 and x,y € V one has
dY (z,y) = sup{u(y) —u(z) : wec WhH(V)NC(V), H(.,Du) < X a.e. on V}. (B.4)
Proof. For (B.3), we first claim that
d{(z,y) > sup{u(y) —u(z) : we WH*(V)NC(V), H(.,Du) <\ a.e. on V}.

We remark that by assumpions (A) and (C), the set {(L(z,-,A))? < 1} coincides with the
set {H(z, ) < A} for any z € Q. We infer from Lemma B.2 that x — L(x, ¢, \) is upper
semicontinuous for any ¢ € R", so that the claim follows by applying Propositions A.1
and A.2. The equality follows by taking z — dy (z,2) as a test function in the sup (we
recall that this function is admissible as a consequence of Remark 2.8 and Proposition
2.10).

When 9V is Lipschitz regular, any function u € W°(V)NC(V) may be extended as
a continuous function on V, so that

d{(z,y) = sup{u(y) —u(x) : v WH*(V)NC(V), H(.,Du) < X a.e. on V}

for any x,y € V. We notice that the right hand side of this equality is continuous on
V xV as a function of (z,y). Finally, since OV is Lipschitz regular then (z,y) — dY (z,y)
is also continuous on V, so that (B.4) holds for (z,y) € V x V. O

In the course of section 4, we also need the two following technical results.
As a first consequence of assumption (D), we get that in a connected open set V- CC €,
the pseudo-distances df\/ and dg? locally coincide:

Lemma B.4. Let V CC Q be a connected open set, A\ > A\~ > 0, and assume that
there exist and M > o > 0 such that

B(0,a) C { H(z,-) <A} C B(0,M)
forallz € V and X € (A=, XT]. Then for any x,y € V such that |y — x| < fdist(x, V)
one has

VA€ AT, AT aly —a| < dY(z.y) = d¥(z,y) < My —zl.
Proof. Let A € [\, AT]. We first prove that
aly —z| < dY(z,y) < Mly—z|. (B.5)
For the right left hand side inequality, we simply notice that for any 2 € V and q € RY
L(z,q,\) = sup{p-q :peRY, H(z,p) < )\}

> sup{p-q:p€ B0,0)} > alql,
so that for any £ € pathy (z,y) one has

1 ) 1
/ L(E®),£(8), Ndt > o / E(t)ldt > oly — g
0 0

which concludes the proof. The proof of the right hand side inequality is analogue.
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We now turn to the equality dY (z,y) = dg\z (z,y). Ttis clear that d} (z,y) > dg\z(:r, Y),
and we infer from (B.5) that
dz,y) < My — x| < adist(x,dV). (B.6)
Let now £ € pathq(z,y), we notice that if for some s €]0,1] one has [£(s) — x| >
dist(xz,0V) then

1 s
/ L(E(t), £(t), Nt > / L(E(). £(1), Ndt
0 0

v

a/ E@)ldt > ale(s) — o] > adist(z, 0V).

0

It then follows from (B.6) that such a path is not optimal for df}, so that dY (z,y) =
dS}(x,y). This concludes the proof. O

Lemma B.5. Let V CC Q be a connected open set, A >0, x,y € V and r > 0 such that
r < min{|y — x|, dist(x,0V),dist(y,0V)}. Then there exists z € V such that |z —y| =r
and

dy (z,y) = d) (2,2) +dy (z,9).
Proof. Let € > 0 and £ € pathy (z,y) be such that

1 .
d (z.y) > / L(E(t), £(t), Nt — <.

By definition of r and continuity of £ there exists some s € ]0, 1] such that [£(s) —y| = 7.
Then z. := &(s) belongs to V' and

s . 1 .
i (ry) > /0 L(E(t), £(1), Nt + / L(E(), £(1), Nt — ¢

> d;\/(ac, Ze) + d;\/(zg, y) — €.

The family (z:)e>0 is clearly bounded, let z be one of its cluster points as € — 0. Then
|z —y| =, so that z € V, and taking the liminf in the above inequality yields

dy (z,y) > dy (z,2) +d} (2,9).
We conclude by applying the triangular inequality, which holds here since z € V. O

V
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